1 Introduction 2 1.1 Two isolated points in the moduli space of genus 2 curves . . . . To make this precise, we need to specify the group G, and to define what it means for G to "govern" the distribution of the polynomials L p (A, T ). Associated to the abelian variety A, Serre [Se12] has defined, in terms of ℓ-adic monodromy groups, a compact real Lie subgroup of USp(2g), denoted ST(A) and called the Sato-Tate group of A, satisfying the following property: for each prime p at which A has good reduction, there exists a conjugacy class of ST(A) whose characteristic polynomial equals L p (A, T ) := that sends an element of ST(A) to the ith coefficient of its characteristic polynomial. Let µ(ST(A)) denote the Haar measure of ST(A) and let Φ i, * (µ(ST(A))) denote its image on I i by Φ i . We can now state the generalized Sato-Tate Conjecture.
Conjecture 1.1. For i = 0, 1, . . . , 2g, the a i (A)(p)'s are equidistributed on I i with respect to Φ i, * (µ(ST(A))).
2
The original Sato-Tate conjecture addresses the case where A is an elliptic curve E/Q without complex multiplication (CM), in which case g = 1 and ST(A) = USp(2) = SU(2). This case of the conjecture has recently been proved; see [Se12, p. 105 ] for a complete list of references. For elliptic curves E/k with complex multiplication, there are two cases, depending on whether the CM field M is contained in k or not. In the former case ST(E) is isomorphic to the unitary group U(1) (embedded in SU(2)), and in the latter case ST(E) is isomorphic to the normalizer of U(1) in SU(2). Both cases follow from classical results that we recall in §3.2.
In all three cases arising for g = 1, it is easy to see that the Sato-Tate group of E is invariant under twisting: if E ′ is isomorphic to E over Q then ST(E ′ ) is isomorphic to ST(E). However, when g > 1 this is no longer true.
The purpose of this article is to study the possibilities for the Sato-Tate group of the Jacobians of twists of genus 2 curves defined over Q with many automorphisms (these arise for curves whose Jacobians are Q-isogenous to the square of an elliptic curve with complex multiplication), and to prove that in these cases Conjecture 1.1 is true 3 . The curves we consider give rise to 18 of the 34 Sato-Tate groups that can occur for an abelian surface defined over Q, yet they all lie in one of the two Qisomorphism classes corresponding to the curves listed in the title of this article. This makes apparent the importance of understanding the effect of twisting on the Sato-Tate group.
In the remainder of this section, we describe the two points in the moduli space of genus 2 curves that are the object of our study, and state our main result (Theorem 1.4). We also describe the numerical computations used to obtain explicit examples that realize all the possibilities permitted by our main theorem.
Let us first fix some notation. Throughout this paper Q denotes a fixed algebraic closure of Q that is assumed to include the number field k and all of its algebraic extensions. Let G k = Gal(Q/k) denote the absolute Galois group of k. For any algebraic variety X defined over k and any extension L/k, we use X L to denote the algebraic variety defined over L obtained from X by the base change k ֒→ L. For abelian varieties A and B defined over k, we write A ∼ B to indicate that there is an isogeny between A and B that is defined over k. We may write A ∼ k B to emphasize the field of definition, but this is redundant (to indicate an isogeny defined over an extension L/k we write A L ∼ B L ).
Two isolated points in the moduli space of genus 2 curves
Let C be a curve of genus g ≤ 3 defined over k. In §2, we define the twisting Sato-Tate group ST Tw (C) of C, a compact Lie group with the property that the Sato-Tate group of the Jacobian of any twist of C is isomorphic to a subgroup of ST Tw (C). There is a well-known bijection between the set of twists of C up to k-isomorphism and the cohomology group H 1 (G k , Aut(C Q )), given by associating to a twist C ′ of C the class of the cocycle ξ(τ ) := φ( τ φ) −1 . Here φ is an isomorphism from C ′ Q to C Q . Thus the group Aut(C Q ) turns out to be a good measure of how complicated the twists of C can be.
For the rest of §1 we let k = Q and g = 2. The automorphism group Aut(C Q ) is then one of the following seven groups:
Here C n denotes the cyclic group of n elements, D n denotes the dihedral group of order 2n, and S n is the symmetric group on n letters. The groups 2D 6 and S 4 denote certain double covers of D 6 and S 4 that are defined in section §4. In the generic case, Aut(C Q ) is isomorphic to C 2 . This implies that every twist C ′ of C is quadratic, and we have ST(Jac(C ′ )) = ST(Jac(C)) = ST Tw (C). We are interested in the opposite situation: the two exotic cases in which Aut(C Q ) is as large as possible: 2D 6 andS 4 . All genus 2 curves C with Aut(C Q ) isomorphic to 2D 6 (resp.S 4 ) are isomorphic to y 2 = x 6 + 1 (resp. y 2 = x 5 − x), (1.2) thus they constitute a single Q-isomorphism class C 3 (resp. C 2 ) of curves, an isolated point in the moduli space of all genus 2 curves. We shall choose representative curves C 0 2 and C 0 3 for C 2 and C 3 that are defined over Q and have particularly nice arithmetic properties. We write C 0 (resp. C) to denote either C 0 2 or C 0 3 (resp., either C 2 or C 3 ). The key arithmetic property we require of C 0 is that its Jacobian be Q-isogenous to E 2 , where E is an elliptic curve defined over Q (with CM). This applies only to the curve y 2 = x 6 + 1 listed in (1.2), which we take as our representative C 0 3 for the class C 3 , but it also applies to the curve
which we take as a better representative C 0 2 for the class C 2 of y 2 = x 5 − x. The classification in [FKRS12] gives an explicit description of each of the 52 Sato-Tate groups that can and do arise in genus 2, as subgroups of USp(4), of which 32 have identity component (isomorphic to) U(1). The two curves listed in (1.2) both appear in [FKRS12] , where they are shown to have SatoTate groups with identity component U(1). It follows that if C is a twist of either of these curves, then ST(Jac(C)) also has identity component U(1). In fact, the representative curves for all 32 of the U(1) cases listed in [FKRS12] are actually twists of one of the two curves in (1.2) (possibly using an extended field of definition).
Among the 32 genus 2 Sato-Tate groups with identity component U(1), two are maximal. The first has component group S 4 ×C 2 and is denoted J(O), while the second has component group D 6 × C 2 and is denoted J(D 6 ). We will prove that ST Tw (C ) is isomorphic to a subgroup of J(O) (resp. J(D 6 )). Conversely, we will show that every Sato-Tate group that can occur over Q and is isomorphic to a subgroup of J(O) (resp. J(D 6 )) arises for some Q-twist C of C 0 2 (resp. C Most of the Sato-Tate groups G with identity component U(1) are actually subgroups of both J(O) and J(D 6 ). In such cases we exhibit Q-twists of both C 0 2 and C 0 3 that have Sato-Tate group G.
Main result
Recall that C 0 denotes either C 0 2 or C 0 3 . These are both genus 2 curves defined over Q whose Jacobians are Q-isogenous to the square of an elliptic curve E/Q with CM by an imaginary quadratic field M equal to Q( √ −2) or Q( √ −3), respectively. Our main result is that Conjecture 1.1 holds for the Jacobians of the Q-twists C of C 0 . In order to state the theorem more precisely, we introduce some notation. Definition 1.2. For any Q-twist C of C 0 , let K/Q (resp. L/Q) denote the minimal extension over which all endomorphisms of Jac(C) Q (resp. homomorphisms from Jac(C) Q to E Q ) are defined. Then we write T (C) for the isomorphism class
We say that two triples of groups (H 1 , H 2 , H 3 ) and (
for the isomorphism class of (H 1 , H 2 , H 3 ), which we regard as a triple of abstract groups. Definition 1.3. For any finite group H with a subgroup H 0 and a normal subgroup N , let o(s, r) (resp. o(s, r)) count the elements in H 0 (resp. H \ H 0 ) of order s whose projection in H/N has order r. Let z(H, N, H 0 ) denote the vector [z 1 , z 2 ], where
For any Q-twist C of C 0 , write
We also define o(r) = s o(s, r) andō(s) = rō (s, r). We note that in the cases of interest, z(H, N, H 0 ) is z(C) for some Q-twist C of C 0 . In this situation, o(r) is the number of elements in Gal(L/M ) whose projection to Gal(K/M ) has order r, and o(s) is the number of elements of order s in Gal(L/Q) that are not in Gal(L/M ). Clearly
Moreover, we prove in Proposition 4.9 that the only pairs (r, s) for which o(r, s) orō(r, s) can be nonzero are those that appear in the vectors z 1 and z 2 . Finally, let L p (C, T ) denote the Euler factor of C at a prime p of good reduction. We may write the normalized Euler factor
We are now ready to state our main theorem. (iii) The triple T (C) (or z(C)) determines the Sato-Tate group ST(Jac(C)).
(iv) For i = 1, 2, the a i (C)(p)'s are equidistributed on
i ] with respect to a measure µ(a i (C)) that is uniquely determined by the vector z(C). More precisely, the density function of µ(a i (C)) is continuous up to a finite number of points, and it is therefore uniquely determined by its moments:
Here b m,n denotes the coefficient 5 of X n in (X 2 + mX + 1) n .
(v) Conjecture 1.1 holds for C.
We actually prove statement (iv) in greater generality, for an abelian surface A defined over a number field k with
, where E is an elliptic curve defined over k with CM by a quadratic imaginary field M . This is accomplished in §3 via Corollary 3.12, whose proof relies on a study of the structure of
]-module and a refined equidistribution statement of Frobenius elements of a CM elliptic curve when restricted to certain Galois conjugacy classes (see Corollary 3.8). We compute the moments
where p varies over primes of good reduction, and prove equidistribution of the a i (C)(p)'s with respect to a measure µ(a i (C)). It follows that M n [µ(a 1 (C))] = M n [a i (C)]. We devote §4 to the proofs of assertions (i), (ii) and (iii), which follow from Corollary 4.17, Proposition 4.15, and Proposition 4.16, respectively. The final assertion (v) follows from (iii) and (iv): it is enough to check that for each of the 41 possibilities of T (C), the formulas obtained for µ[a i (C)] coincide with the ones obtained for Φ i, * (µ(ST(Jac(C)))) in [FKRS12] .
Numerical computations
In §5 we show that all 41 of the possible triples T (C) determined in section §4 actually arise for some Q-twist C of C 0 by exhibiting a provable example of each case. The example curves C were obtained by an extensive search that was made feasible by part (ii) of Theorem 1.4; it is computationally much easier to approximate z(C) than it is to explicitly compute T (C), which requires computing the Galois groups of number fields of fairly large degree (48 or 96 in the most typical cases).
For an elliptic curve E with CM, the values a 1 (E)(p) can be computed very quickly, and we show how to compute a 1 (C)(p) and a 2 (C)(p) from a 1 (E)(p), using the fact that Jac(C) is Q-isogenous to E 2 (see Proposition 4.9). This allows us to efficiently compute an approximation of z(C) (using again Proposition 4.9) of precision sufficient to provisional identify T (C) (via part (ii) of Theorem 1.4). Many curves were analyzed (tens of thousands) in order to obtain 41 candidate examples, one for each possible triple T (C). For each of these 41 candidates we then proved that the provisional identification of T (C) is correct, by explicitly computing the Galois groups Gal(L/Q), Gal(K/Q), and Gal(L/M ).
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The twisting Sato-Tate group of a curve
In this section we define the twisting Sato-Tate group, which is our main object of study. We do so in terms of the algebraic Sato-Tate group defined by Banaszak and Kedlaya in [BK11] . Let A be an abelian variety of dimension g ≤ 3 defined over a number field k, and fix an embedding of k into C . Fix a polarization on A and a symplectic basis for the singular homology group H 1 (A top C , Q). Use it to equip this space with an action of GSp 2g (Q). For each τ ∈ G k , define
Here we view α as an endomorphism of H 1 (A top C , Q). The algebraic Sato-Tate group of A is defined by
The Sato-Tate group ST(A) is a maximal compact subgroup of AST(A) ⊗ Q C; see [BK11, Thm. 6.1, Thm. 6.10].
Remark 2.1. As noted in the introduction, ST(A) is invariant under twisting when g = 1. This does not hold for g > 1, however ST(A) is invariant under quadratic twisting. For g ≤ 3 this follows easily from the definitions above. Indeed, let χ :
2) for a more general relation). Invariance under quadratic twisting follows from the fact that
For A of arbitrary dimension, the invariance of ST(A) under quadratic twisting follows easily from the definition of ST(A) given in [Se12] (see also [FKRS12] ), in terms of the image of the ℓ-adic representation attached to A.
We now assume that A is the Jacobian Jac(C) of a curve C defined over k, and view Aut(C Q ) as a subgroup of GL(H 1 (Jac(C) top C , Q)). Definition 2.2. The twisting algebraic Sato-Tate group of C is the algebraic subgroup of Sp 2g /Q defined by
Observe that AST Tw (C) is indeed a group: for any γ 1 , γ 2 ∈ AST(Jac(C)) and α 1 , α 2 ∈ Aut(C Q ), we have
Here φ is seen as a homomorphism from
is a (well-defined) monomorphism of groups.
Proof. Let γ
It is clear that Λ φ is both well defined and injective: Λ φ (γ
We now define the twisting Sato-Tate group ST Tw (C) of C.
Definition 2.4. The twisting Sato-Tate group ST Tw (C) of C is a maximal compact subgroup of AST Tw (C) ⊗ C.
Remark 2.5. It follows from the previous lemma that for any twist C ′ of C, the Sato-Tate group ST(Jac(C)) is isomorphic to a subgroup of ST Tw (C). We also note that the component groups of ST Tw (C) and AST Tw (C) ⊗ C must be isomorphic, and the identify components of ST Tw (C) and ST(Jac(C)) are equal.
Our next goal is to study the component group of ST Tw (C) when C is a hyperelliptic curve (of genus g ≤ 3). Consider the group
where Z is the normal subgroup of Aut(C Q ) ⋊ AST(Jac(C)) consisting of the pairs (α, γ) with α = γ, where α ∈ Aut(C Q ) and γ ∈ AST(Jac(C)).
Lemma 2.6. The map
is a (well-defined) isomorphism.
Proof. For any γ 1 , γ 2 ∈ AST(Jac(C)) and α 1 , α 2 ∈ Aut(C Q ), we have
The surjectivity of Φ is clear. It remains to prove that Φ(γ 1 α 1 ) = Φ(γ 2 α 2 ) if and only if γ 1 α 1 = γ 2 α 2 . On the one hand, Φ(γ 1 α 1 ) = Φ(γ 2 α 2 ) if and only if
The product of elements (α 1 , γ 1 ) and (α 2 , γ 2 ) in Aut(C Q ) ⋊ AST(Jac(C)) is defined to be
On the other hand, γ 1 α 1 = γ 2 α 2 if and only if α 1 α
We now assume C is a hyperelliptic curve (of genus g ≤ 3). As an endomorphism of H 1 (Jac(C) top C , Q), the hyperelliptic involution w of C corresponds to the matrix −1 ∈ Sp 2g (Q). Recall that AST(Jac(C)) contains the matrix −1. Thus (−1, −1) ∈ Z and Lemma 2.6 implies that AST Tw (C) is isomorphic to a subgroup of Aut(C Q ) ⋊ AST Jac(C) (−1, −1) .
Let K/k denote the minimal field extension over which all the endomorphisms of Jac(C) are defined. Then, since the component group of ST(Jac(C)) is isomorphic to Gal(K/k) (see [BK11, Rem. 6 .4, Thm. 6.10]), and the identity component of ST(Jac(C)) contains the matrix −1, the component group of ST Tw (C) is isomorphic to a subgroup of
By lemma 2.3, for any twist C ′ of C, there exists a monomorphism of groups
It follows that if there exists a twistC of C such that
whereK/k is the minimal extension over which all the endomorphisms of Jac(C) are defined, then ST Tw (C) = ST(Jac(C)), and for every twist C ′ of C, the SatoTate group ST(Jac(C ′ )) is a subgroup of ST(Jac(C)).
Remark 2.7. Let C 
Squares of CM elliptic curves
We shall work in the category of abelian varieties up to isogeny, so we call the elements of Hom(A, B) ⊗ Q homomorphisms, the elements of End(A) ⊗ Q endomorphisms, and the surjective elements in Hom(A, B) ⊗ Q isogenies.
We henceforth assume that A is an abelian variety over k such that
, where E is an elliptic curve defined over k with complex multiplication (CM) by an imaginary quadratic field M (except in §3.4, where we do not assume E has CM). Let L/k be the minimal extension over which all the homomorphisms from E Q to A Q are defined, and let K/k be the minimal extension over which all the endomorphisms of A Q are defined. We note that kM ⊆ K ⊆ L, and we have Hom(
Let σ and σ denote the two embeddings of M into Q. Consider
where the tensor product is taken via the embedding σ : M ֒→ Q. Letting Gal(L/kM ) act trivially on Q and naturally on Hom(E L , A L ), it acquires the structure of a Q[Gal(L/kM )]-module of dimension 2 (resp. 4) over Q, and similarly for σ.
For each τ ∈ Gal(L/kM ) we write
where a 1 (θ) = Tr θ and a 2 (θ) = det(θ) are elements of M . Observe that
Both spaces have dimension 4 over Q, and therefore must be isomorphic as Here, ζ r stands for an rth root of unity.
Proof. We can assume that kM/k is quadratic, otherwise there is nothing to prove. We first show the following properties of θ Q (E, A):
The least common multiple of the orders of the eigenvalues of θ Q (E, A)(τ ) is equal to s.
It follows from the definition of L/k that the representation θ Q (E, A) is faithful, which implies (i). Let χ be the quadratic character of Gal(L/k) associated to the quadratic extension kM/k.
example). This proves (ii).
For s = 2, 6, 8, 12, the proposition follows from (i) and (ii). For s = 4, (i) implies that i is an eigenvalue of θ Q (E, A)(τ ) and (ii) leaves just two possibilities for the four eigenvalues: i, −i, 1, −1, or i, −i, i, −i. We now show that only the latter can arise. The eigenvalues of θ Q (E, A)(τ ) are quotients of roots of L p (E, T ) and roots of L p (A, T ), where p is a prime of k, inert in kM , of good reduction for A and E. We can further assume that p has absolute degree 1. Then L p (E, T ) = 1 + T 2 , and the polynomial L p (A, T ) is one of the following:
In no case can both 1 and i arise as quotients of a root of
and roots of L p (A, T ).
In view of Proposition 3.2, we write
Proof. It follows from [FKRS12, Prop. 9 ] that the eigenvalues of θ Q (A)(τ ) are 1, 1, 1, 1, ζ r , ζ r , ζ r , ζ r . Equation (3.1) leaves three possibilities for the eigenvalues of θ M (A): they must be either 1, 1, ζ r , ζ r , or 1, 1, ζ r , ζ r , or 1, 1, ζ r , ζ r . Since Tr θ M (A) is rational (by proposition 3.2), only the first possibility can occur.
Equidistribution for Frobenius conjugacy classes
We first recall the well-known notion of equidistribution on a compact topological space X (see [Se68, Chap. 1]). Let C(X) denote the Banach space of continuous, complex valued functions f on X, with norm ||f || = sup x∈X |f (x)|. Let µ be a Radon measure on X, a continuous linear form on C(X).
be a sequence of points of X. The sequence {x i } i≥1 is said to be equidistributed with respect to µ if for every f ∈ C(X) we have
Note that if {x i } i≥1 is equidistributed with respect to µ, then µ is positive and has total mass 1. We are particularly interested in the case where X is an interval I of R. In this case the nth moment M n [µ] of µ is the value µ(ϕ n ), where ϕ n is the function of C(I) defined by ϕ n (z) = z n . Analogously, the nth moment of a sequence {x i } i≥1 on I, if it exists, is defined by
Thus if the sequence {x i } i≥1 is equidistributed with respect to µ on I, then its nth moment exists and is equal to M n [µ].
Let F/k be a field extension, and let P EF denote the set of primes of F at which E F has good reduction. We write the normalized L-polynomial for E F at a prime p of P EF as
Choose an ordering by norm {p i } i≥1 of P EF , that is, an ordering for which p i ≤ p j for all 1 ≤ i ≤ j, and let a 1 (E F ) denote the sequence
of real numbers in the interval [−2, 2]. Equidistribution statements about a 1 (E F ) do not depend on the particular ordering by norm we have chosen.
Until the end of this section, we assume that F contains kM . We begin by recalling classical results of Hecke and Deuring that yield equidistribution for a 1 (E F ) with respect to the measure
Here dz denotes the restriction of the Lebesgue measure on R to the interval [−2, 2]. The measure µ cm is uniquely characterized by the fact that it is continuous and its nth moment is b n := b 0,n (as in Theorem 1.4). We actually require a slightly stronger equidistribution statement than the one above. Let c be a Frobenius conjugacy class of an arbitrary finite Galois extension F ′ /F , and let P c denote the set of primes in P EF that are unramified in F ′ and whose Frobenius conjugacy class is c. We will show that the subsequence a 1,c (E F ) of a 1 (E F ) obtained by restricting to the primes in P c is also equidistributed with respect to µ cm .
Remark 3.5. Henceforth, for a compact group G, let µ(G) denote its Haar measure. In terms of the (generalized) Sato-Tate Conjecture, the measure µ cm is seen as Φ 1, * (µ(ST(E F ))), where Φ 1 is the trace map defined in equation (1.1) and ST(E F ) = U(1). Recall that the Sato-Tate group ST(E) of an elliptic curve E defined over k with CM by M is U(1) (embedded in SU (2)) if M is contained in k, and the normalizer of U(1) in SU(2) if M is not contained in k.
We follow the presentation in [Gr80, Chap. 1]. Let p be a prime of F of good reduction for E F . Let F p denote the algebraic closure of the residue field of F at p. The image of the injection
contains the Frobenius endomorphism Fr p : E F p → E F p , which acts on a point by raising its coordinates to the qth power, where
* denote the preimage of Fr p under this injection. Since the characteristic polynomial of Fr p is reciprocal to the L-polynomial of E F at p, we have v for all but finitely many v. We write v p for the valuation associated to a finite prime p of F . We then attach to E F the group homomorphism χ EF : I F → M * uniquely characterized by the following three properties:
is an idele with s v = 1 at all infinite places of F and at those finite places where E F has bad reduction, then
Fix a prime ℓ different from the characteristic of F p and an embedding of Q into Q ℓ , and let V ℓ (E F ) denote the (rational) ℓ-adic Tate module of E F . Define
where the tensor product is taken via the embedding M ֒→ Q ℓ induced by σ. Similarly define V σ (E). We then have an isomorphism of Q ℓ [G F ]-modules:
where for an idele s in I F , the component of the idele N F/M (s) in I M corresponding to the place w is v|w N Fv /Mw (s v ), where the product runs over all places v of F lying over w. We then have ψ ℓ,σ (F * ) = 1, by property (ii). Thus ψ ℓ,σ is a continuous character on the group C F = I F /F * of classes of ideles. Since its image is totally disconnected, it is a character of C F /C 0 F , where C 0 F is the identity component of C F . Artin reciprocity yields an isomorphism Rec :
as ℓ-adic characters of G F .
The Hecke character attached to E F .
A Hecke character of F is a continuous homomorphism ψ :
For primes p where ψ is unramified, let ψ(p) denote ψ(s), where s p is a uniformizer of O p and s v = 1 for v = p, and let ψ(p) = 0 when ψ is ramified at p. The L-function of ψ is defined as
Hecke [He20] showed that if ψ is nontrivial, then L(ψ, s) is a nonzero holomorphic function for ℜ(s) ≥ 1. Let us fix an embedding of Q into C, so that we may view σ and σ as embeddings of M into C. Define
where ∞ denotes the only infinite place of M . Property (ii) of χ EF , implies that ψ ∞,σ is a Hecke character. It is unramified at the primes of good reduction for E F , and we note that ψ ∞,σ = ψ ∞,σ . Let |z| denote the absolute value of a complex number z and define
For every prime p of good reduction for E F , let
Let α 1 denote the sequence {α 1 (p i )} i≥1 .
Equidistribution statements.
For a finite Galois extension F ′ /F and a conjugacy class c of Gal(F ′ /F ), let P c be as above. Let α 1,c := α 1,c (E F ) denote the subsequence of α 1 obtained by restricting to the primes of P c . Our goal is to prove the following proposition.
Proposition 3.6. Let c be any conjugacy class of Gal(F ′ /F ). Then α 1,c is equidistributed with respect to µ(U(1)).
We first recall a theorem of Serre. Let G be a compact group and X be the set of its conjugacy classes. Let P be an infinite subset of the primes of F , and let {p i } i≥1 be an ordering by norm of P . Assume that each p of P has been assigned a corresponding element x p in X.
Theorem 3.7. [Se68, p. I-23] The sequence {x pi } i≥1 is equidistributed over X with respect to the image on X of the Haar measure of G if and only if L(̺, s) is holomorphic and nonzero at s = 1 for every irreducible and nontrivial representation ̺ of G. Here L(̺, s) stands for the infinite product
We now use Theorem 3.7 to prove Proposition 3.6.
Proof. We first reduce to the case that F ′ /F is abelian (in fact, cyclic). Let τ be an element of c, and let f denote its order. Define
Let H be the subfield of F ′ fixed by τ . The residue degree over F of a prime P of H lying over p is 1, thus
where we identify τ i with its conjugacy class in the cyclic group Gal(F ′ /H). It follows that the sequence α 1,c = α 1,c (E F ) is µ(U(1))-equidistributed if all its subsequences α 1,τ i (E H ) are. But this hypothesis is true if one assumes that the proposition holds for abelian extensions.
So suppose that F ′ /F is abelian, and define G := U(1) × Gal(F ′ /F ) and
Proving the proposition is equivalent to showing that {x pi } i≥1 is equidistributed over the set X of conjugacy classes of G with respect to the measure induced by the Haar measure of G. The irreducible characters of G are of the form φ a ⊗ χ, where φ a : U(1) → C * is a character of U(1), which is of the form φ a (z) = z a for some integer a, and χ is an irreducible character of Gal(F ′ /F ), which is 1-dimensional, since Gal(F ′ /F ) is abelian. By Theorem 3.7, it is enough to show that if φ a ⊗ χ is nontrivial, then
is holomorphic and nonzero at s = 1. Suppose that a ≥ 0. Via Artin reciprocity we may view (ψ ∞,σ ) a ⊗ χ as a Hecke character, and then L(φ a ⊗ χ, s) is equal, up to a finite number of factors, to the Hecke L-function L((ψ ∞,σ ) a ⊗ χ, s + a 2 ). Since (ψ ∞,σ ) a ⊗ χ is a nontrivial Hecke character, its L-function is holomorphic and nonzero for ℜs ≥ 1 and in particular, so is L(φ a ⊗χ, s) at s = 1. If a < 0, then we can repeat the argument, observing that L(φ a ⊗ χ, s) also coincides, up to a finite number of factors, with
Recalling that µ cm = 1 π dz √ 4−z 2 supported on [−2, 2] is the image by Φ 1 of the Haar measure of U(1), we obtain the following.
Corollary 3.8. Let E be an elliptic curve defined over k with CM by an imaginary quadratic field M . Let F be any field containing kM , let F ′ /F be a finite Galois extension, and let c be a conjugacy class of Gal(F ′ /F ). Then
is equidistributed with respect to the measure µ cm .
(
3.3 Equidistribution of a 1 (A) and a 2 (A)
As in §3.1, A is an abelian surface defined over k with
, where E is an elliptic curve defined over k with CM by M , and we have the tower of fields kM ⊆ K ⊆ L, where L/k is the minimal extension over which all the homomorphisms from A Q to E Q are defined, and K/k is the minimal extension over which all the endomorphisms of A Q are defined.
For any field extension F/k, let P AF denote the set of primes of F at which A F has good reduction. For p in P AF , we write the normalized Lpolynomial for A F at p as
Let P be the set of primes lying in P AF and P EF that are unramified in F L. Choose an ordering {p i } i≥1 by norm of P , and let a 1 (A F ) and a 2 (A F ) denote the sequences
respectively. In this section we use the results in §3.1 and §3.2 to prove equidistribution for a 1 (A) and a 2 (A).
Lemma 3.9. Let p be a prime of good reduction for A and E that splits in kM and is unramified in L.
(i) With u 1 = Re a 1 (θ)(Frob p ) and u 2 = Im a 1 (θ)(Frob p ) we have
Proof. Define V σ (A) and V σ (A) as in equation (3.4). We then have the following isomorphism of Q ℓ [G kM ]-modules:
By arguments analogous to those in [Fit10, Thm. 3 .1], we have
Thus there is an isomorphism of Q ℓ [G kM ]-modules:
To shorten notation, we write α 1 (p) for
as defined in (3.7). Then α 1 (p) = σ(α(E kM )(p))/ p 1/2 , and (3.8) implies that
where a i (p) denotes a i (θ)(Frob p ). The proposition then follows from the fact that
Then a 1 (A kM ) and a 2 (A kM ) are equidistributed with respect to the measures
whose support lies in the intervals I 1 = [−4, 4] and I 2 = [−6, 6], respectively. In each sum τ ranges over Gal(L/kM ), and 1 [a,b] is the characteristic function of the interval [a, b] ⊆ R. Moreover, we have
where the integer b m,n is the coefficient of X n in (X 2 + mX + 1) n .
Proof. We can rewrite the equations in (3.9) as follows:
where a i (p) denotes a i (θ)(Frob p ), and we have used |a 2 (p)| = 1. The equidistribution statements now follow from the Cebotarev density theorem and the two facts below:
(1) For any z ∈ U(1) and any conjugacy class c of Gal(L/kM ), the sequence zα 1,c is µ(U(1))-equidistributed on U(1). Indeed, Proposition 3.6 ensures equidistribution of α 1,c , and invariance under translations is in fact the defining property of the Haar measure. Thus the sequence zα 1,c + zα 1,c is µ cm -equidistributed on
(2) If a sequence β = {β i } i≥1 is µ cm -equidistributed on [−2, 2], then for u ∈ R >0
•
Regarding the moments, the Cebotarev density theorem implies that
where
The same argument is used to compute
One then applies
where [X n ](f (X) denotes the coefficient of X n in the polynomial f (X).
We now generalize the definitions of o(r) and o(s) given in §1.2 for k = Q.
Definition 3.11. Let o(r) count the elements in Gal(L/kM ) whose projection in Gal(K/kM ) has order r.
Corollary 3.12. Suppose k = kM . Then the a 1 (A) and a 2 (A) are equidistributed with respect to the measures
Proof. We focus on the proof of the statements about the moments, since the arguments involved suffice to deduce the statements about the measures. Statement (i) follows from Propositions 3.2, 3.4, and 3.10, and the equality
which follows from the fact that if p is a prime of k where A has good reduction and p is inert in kM , then A is supersingular at p and a 1 (A)(p) = 0. For (ii), let ν denote the nontrivial conjugacy class of Gal(kM/k). Note that
, we apply Proposition 3.10. We then claim that
We may restrict to primes p of k that are inert in kM , of absolute residue degree 1, and of good reduction for both A and E. The polynomial L p (A, T ) must then be one of the five listed in (3.2). We now consider the Rankin-Selberg polynomial L p (E, θ Q (E, A), T ), whose roots are all products of roots of L p (E, T ) = 1 + T 2 , and all roots of the polynomial det(1−θ Q (E, A)(Frob p )T ). More explicitly, if s is the order of Frob p in Gal(L/k), one may apply Proposition 3.3 to compute L p (E, θ Q (E, A), T ). This yields:
By arguments analogous to those of [Fit10, theorem 3.1], there is an inclusion of
This implies that
Finally, we observe that the condition L p (A, T ) divides L p (E, θ Q (E, A), T ) implies that s can not attain any value other than the ones considered.
Additional remarks
As noted in the introduction, all 32 of the genus 2 Sato-Tate groups with identity component isomorphic to U(1) can arise as the Sato-Tate group of an abelian variety A defined over k with
, where E is an elliptic curve defined over k (with CM).
However, not all 10 of the genus 2 Sato-Tate groups with identity component isomorphic to SU(2), can arise as the Sato-Tate group of an abelian variety A defined over k such that
, where E is an elliptic curve defined over k (without CM).
7 The Sato-Tate groups for which this is not true are the four whose component group contains an element of order 4 or 6. Indeed, recall that
As in the proof of Proposition 3.2, one can then show that
But if τ ∈ Gal(K/k) has order 4 or 6 then a 1 (θ Q (A))(τ ) = 2 or 3, which are not squares in Q.
We end this section by computing the density z 1 (A k ) of zero traces of an abelian variety A defined over k such that A Q ∼ E 2 Q for some elliptic curve E defined over Q.
Lemma 3.13. Let A be an abelian variety defined over k such that
where E is an elliptic curve defined over Q (not necessarily over k). Let M denote the CM field if E has CM, and let M = Q otherwise. Then
Proof. Except for a set of density zero, any prime p of k that does not split in kM is supersingular, in which case a 1 (A)(p) = 0. This gives density 0 in the first case and density 1 2 in the second case. Among the primes that split in kM , we wish to show that exactly the proportion o(2)/|Gal(L/kM )| have trace 0. Among these primes, the density of the supersingular primes is zero. Let p be a non-supersingular prime of good reduction for A that splits in kM . From Remark 4.8 in [FKRS12] in the non-CM case, and from Proposition 3.4 in the CM case, the roots of L p (A, T ) are α, α, ζ r α, ζ r α, where r is the order of Frob p in Gal(K/k) and where α/α is not a root of unity. It follows that α + α + ζ r α + ζ r α = 0 if and only if r = 2. One then applies the Cebotarev density theorem.
7 All Sato-Tate groups with identity component SU(2) can occur for an A over k such that A Q ∼ E 2 Q for some elliptic curve E, but this curve need not be defined over k. In this section, we strengthen the results of §3 in the particular case that k = Q and A ∼ Q Jac(C), where C is a twist of the curve y 2 = x 5 − x or y 2 = x 6 + 1. We first introduce some convenient notation. Let C 0 2 and C 0 3 denote the curves defined over Q by the equations
The curve C 0 2 is a twist of y 2 = x 5 − x, as one may verify by computing their respective Igusa invariants. As shown below, the Jacobian of C 0 2 is Q-isogenous to the square of an elliptic curve defined over Q, a property that the curve y 2 = x 5 − x does not enjoy. We also note that the minimal field of definition of the endomorphisms of the Jacobian of C 0 2 is Q( √ −2), but for y 2 = x 5 − x it is Q(i, √ −2). Let E 0 2 and E 0 3 denote the elliptic curves defined over Q by the equations
We note that j(E to the case where A = Jac(C) and E = E 0 , as we now show.
Fields of definition of isomorphisms
Proof. We proceed as in the proof of Lemma 4.1 in [FL11] . The quotient of C 0 d by the non-hyperelliptic involution α(x, y) = (−x, y) is precisely the elliptic
where E is also an elliptic curve defined over Q. The automorphism γ(x, y) = (1/x, y/x 3 ) does not commute with α, which implies that End(Jac(C 0 )) is nonabelian, and therefore Jac(C
Lemma 4.2. The minimal number field over which all the automorphisms of C Q are defined coincides with the minimal number field over which all the endomorphisms of Jac(C) Q are defined.
Proof. Let K a (resp. K e ) denote the minimal number field over which all the automorphisms of C Q (resp. all the endomorphisms of Jac(C) Q ) are defined. The fact that Aut(C Ka ) is nonabelian and contains a non-hyperelliptic involution implies that Jac(C) Ka ∼ E 2 , where E is an elliptic curve defined over K a . Since E has CM by M , it follows that
We use K to denote the field given by Lemma 4.2. We note that K is a Galois extension of Q, and we have M ⊆ K, with equality in the case C = C 0 .
Lemma 4.3. Let φ be an isomorphism from C 0 Q to C Q . The following number fields coincide:
(i) the minimal field over which all isomorphisms from C 0 Q to C Q are defined;
(ii) the compositum of K (or even just M ) and the minimal field L φ over which φ is defined;
(iii) the minimal field over which all homomorphisms from Jac(C 0 ) Q to Jac(C) Q are defined;
(iv) the minimal field over which all homomorphisms from E 0 Q to Jac(C) Q are defined.
, and L 4 denote the fields defined by (i), (ii), (iii), and (iv), respectively. Any isomorphism ψ from C 0 Q to C Q can be written as ψ = α • φ and φ • α 0 for some α ∈ Aut(C K ) and some
which we also denote φ. Any homomorphism from Jac(C 0 ) Q to Jac(C) Q can be written as ψ • φ for some ψ ∈ End(Jac(C) Q ) ⊗ Q. This implies that
Any endomorphism φ from Jac(C 0 ) Q to Jac(C) Q can be written as φ 2 • φ 1 , where
to Jac(C) Q can be written as φ 2 • φ 1 , where φ 1 ∈ Hom(E 0 , Jac(C 0 )) ⊗ Q and φ 2 is an element of
We use L to denote the field given by Lemma 4.3, and we note that L is a Galois extension of Q that contains K.
Remark 4.4. If A is the abelian three-fold E 0 ×Jac(C), we observe that L coincides with the minimal field over which all the endomorphisms of A Q are defined. It follows that the component group of ST(A) is isomorphic to Gal(L/Q).
The Galois module Hom(E
In this subsection we compute θ M,σ (E 0 , Jac(C)), strengthening Lemma 3.9 in the case where A ∼ Q Jac(C). We take advantage of the following fact: the group Gal(L/Q) is isomorphic to a subgroup of
Here the action of Gal(M/Q) on Aut(C 0 M ) is the natural one (see [FL11, §2] ).
is a monomorphism of groups, where π L/M : Gal(L/Q) → Gal(M/Q) is the natural projection, as in [FL11, Lem. 2.1]. Now let
be the restriction of λ φ at Gal(L/M ). Consider the 2-dimensional M -rational representation 
where θ M,σ (E 0 , Jac(C)) is the representation of Gal(L/M ) in Definition 3.1.
Lemma 4.5. Let C be a twist of C 0 . Then: Table 2 ). Table 3 Proof. As in Lemma 4.1, let α be the non-hyperelliptic involution α(x, y) = (−x, y) of C 0 . Let E be the elliptic curve C K / φ −1 αφ defined over K (note that φ −1 αφ is an automorphism of C, all of which are defined over K). 
Suppose for the sake of contradiction that 3 √ γ ∈ L 0 . Then Gal(L/L 0 ) ≃ C 3 . Lemma 4.5 then implies that if τ is a nontrivial element of Gal(L/L 0 ), then Tr θ M,σ (E 0 , Jac(C))(τ ) = −1. Therefore, the restriction of the representation afforded by the Gal(
where χ is any of the two nontrivial characters of Gal(L/L 0 ). As in [Fit10, Thm. 3 .1], we have 
But now (4.2) and (4.3) together imply
which is impossible. (We remark that if Res
, one does not reach a contradiction; see Example 4.12). In view of the isomorphism in (4.1), it thus suffices to prove that θ M,σ (E 0 , Jac(C))(ω) = −2. From the proof of Proposition 4.6, we know that Jac(C) K ∼ E 2 , where E is an elliptic curve defined over K with CM by M . Fix an isomorphism 
implies that (w, 1) does not lie in the image of λ φ .
Remark 4.8.
, since its index is 2, and H 0 ∩ (1, τ ) is trivial. In this case, H 0 is stable under the action of Gal(M/Q). However it is not true in general that Gal(L/Q) ≃ H 0 ⋊ (1, τ ) or that H 0 is stable under the action of Gal(M/Q).
Proposition 4.9. For τ in Gal(L/Q), let s = s(τ ), r = r(τ ), and t = t(τ ) denote the orders of τ , the projection of τ on Gal(K/Q), and the projection of τ on Gal(M/Q), respectively. The following hold:
(i) The triple (s, r, t) is one of the 13 triples listed in Table 1 .
(ii) If τ fixes M , then the triple (s, r, 1) determines, up to sign, the quantities
as specified in Table 1 .
] be the map defined in Table 1 . For every prime p > 3 unramified in L of good reduction for both Jac(C) and E 0 , there exists a unique triple (s, r, t) such that
with u = ±1 (in fact, u = 1 for (s, r, t) = (6, 6, 1) and (8, 4, 1)). Moreover, the unique triple (s, r, t) for which
Remark 4.10. Observe that for a prime p unramified in L such that f M (p) = 1, we have
where a 2 (θ)(Frob p ) = ±1. It follows that for any two twists C and C ′ of C 0 we haveâ
is the integer that appears as the coefficient of
Proof. For assertion (i) assume first that t = 1. Observe that s is the order of λ φ (τ ) in Aut(C c : 1a 2a 2b, 2c 3a 4a 6a, 6b 6c (r, s) : (1, 1) (2, 1) (2, 2) (3, 3) (4, 2) (6, 6) (6, 3)
c : 1a 2a 2b 3a 4a 6a 8a (r, s) : (1, 1) (2, 1) (2, 2) (3, 3) (4, 2) (6, 3) (8, 4) (see Tables 3 and 2 for the names of the conjugacy classes). Assertion (ii) now follows immediately by applying the isomorphism in (4.1) and Lemma 4.5. If t = 2, then r must be 2, 4, or 6, and the fact that [L : K] ≤ 2 limits (s, r, t) to either one of the last 5 triples in Table 1 , or (4, 4, 2). The latter possibility is Table 1 : The triples for (s, r, t) associated to τ ∈ Gal(L/Q) (as defined in Proposition 4.9), and corresponding values of F (s,r,t) (x), a 1 (θ)(τ ), and a 2 (θ)(τ ).
(s, r, t) F (s,r,t) (x) a 1 (θ)(τ ) a 2 (θ)(τ ) (1, 1, 1) (2x, x 2 + 2) 2 1 (2, 1, 1) (−2x,
ruled out by Proposition 3.3: if s = 4, then for every prime p for which Frob p lies in the same conjugacy class of τ in Gal(L/Q), we have L p (Jac(C), T ) = (1−T 2 ) 2 , and the only quotients of roots of this polynomial are 1 and −1. This implies that θ M (Jac(C))(τ ) has order 2, and since θ M (Jac(C)) is faithful we must have r = r(τ ) = 2, not 4.
For t = 1, the existence statement in (iii) follows from combining Lemma 3.9 with statement (ii), and for t = 2, it follows from the proof of Corollary 3.12. The uniqueness of the map F (s,r,t) satisfying (4.6) at a prime p > 3 may be verified by noting that the graphs of the 13 functions F (s,r,t) intersect in only finitely many points in R 3 , none of which corresponds to a possible value of (a 1 (E 0 )(p), a 1 (Jac(C))(p), a 2 (Jac(C))(p)) for any prime p > 3. Finally, we note
We now give two examples of abelian varieties A such that A Q ∼ (E 0 Q ) 2 for which the conclusions of Propositions 4.6 and 4.9 do not hold because A is not Q-isogenous to the Jacobian of a twist of C 0 . In the two examples below we use the elliptic curveẼ 
) and s(τ ) = 3, then a 1 (θ)(τ ) = 1 + ζ 3 or 1 + ζ 3 and a 2 (θ)(τ ) = ζ 3 or ζ 3 , which do not lie in Q. Thus by Proposition 4.9, A is not Q-isogenous to the Jacobian of any Q-twist of C 0 3 . Moreover, for p = 7, one can compute thatâ 2 (A)(7) = 30, whileâ 2 ((E 0 3 )
2 )(7) =â 2 (Jac(C 0 3 ))(7) = 18. Thuŝ a 2 (A))(7) ≡ ±â 2 (Jac(C 0 ))(7) (mod 7) . 
The triples T (C)
In this section we will determine the possible values of the triple T (C), which denotes the isomorphism class [Gal(L/Q), Gal(K/Q), Gal(L/M )]. To specify triples explicitly, we use identifiers from the Small Groups Library [SGL] found in computer algebra systems such as GAP [GAP] and Magma [Magma] . These identifiers consist of a pair of positive integers n, m , where n is the order of the group and m distinguishes the group from other groups of order n but otherwise has no meaning. We also recall from §4.2 the embeddings
where w denotes the hyperelliptic involution of C 0 .
Lemma 4.13. The groups
, and Aut(C 0 M )/ w are as follows: Proof. We show how to compute G C 0 and Aut(C 0 M ); the respective quotients are then easily obtained. Recall that if C/Q is a genus 2 curve, given by a hyperelliptic equation
there exist m, n , p , q ∈ Q such that
see, for example, [Car06] . Let
One can readily check that U d and V d represent automorphisms of (C 
LetT (C) denote the triple
Since λ φ is injective, the conjugacy class ofT (C) determines T (C) and z(C), where z(C) is the vector in Definition 1.3. In order to bound the number of possibilities for T (C) and z(C), we first bound the number of possible triplesT (C), up to conjugation. Proposition 4.15. Let H, N , and H 0 be subgroups of G C 0 , that satisfy conditions (i) and (ii) of Lemma 4.14. Then the following hold:
), there are exactly 27 (resp. 38) possibilities for the conjugacy class of (H, N, H 
3 ), the 27 (resp. 38) possibilities for the conjugacy class of (H, N, H 0 ) give rise to exactly the 23 (resp. 23) isomorphism classes [H, H/N, H 0 ] and vectors z(H, N, H 0 ) listed in Table 4 (resp. Table 5). Moreover, [H, H/N, H 0 ] and z(H, N, H 0 ) determine each other uniquely.
3 ) the triple T (C) and the vector z(C) must be among those listed in Table 4 (resp. Table 5 
, L has 38 elements and, for C 0 = C 0 2 , it has 27 elements. For (ii), for each of C 
. Statement (iii) follows immediately from (ii) and Lemma 4.14. 
where G ns is the index 2 subgroup of G obtained by removing from G those components all whose elements have a constant characteristic polynomial.
On the one hand, the isomorphism classes of the groups G/G 0 and G ns /G
On the other hand, z 2 (G) is determined by z(C); indeed, it follows from the construction of the Sato-Tate group in terms of the image of the ℓ-adic representation attached to Jac(C) and from assertion (iii) of Proposition 4.9, that Table 4 or 5, then the triple [H × C 2 , H, H 0 × C 2 ] also appears. In other words, if there exists a twist
is the minimal field over which all the automorphisms of C ′ (resp. all the isomorphisms between C ′ and C 0 ) are defined. Indeed, if C is given by the hyperelliptic equation y 2 = f (x), let C ′ be the curve given by dy 2 = f (x), where d ∈ Q * is not a square in K. We will use this remark in §5 for the computation of some of the curves. 
Numerical computations
We now describe the methods used to obtain the example curves C listed in Tables 6 and 7 defined by y 2 = x 6 − 5x 4 − 5x 2 + 1, realizing every possible triple
Recall that the fields K and L are the minimal fields of definition End(Jac(C) Q ) and Hom(Jac(C) Q , E Q ), respectively, as in Definition 1.2. Similarly, for d = 3 we list 21 curves C that are twists of the curve C 0 3 defined by y 2 = x 6 + 1, realizing every possible triple T (C) that can occur when C is a Q-twist of C 0 3 . For each of the two curves C 0 we followed the procedure outlined below:
1. Generate a large set S of Q-twists of C 0 .
2. For each C ∈ S compute a provisional value of the triple T (C).
3. Select a single representative C for each distinct triple T (C) and then verify the provisional value of T (C) by explicitly computing the fields K and L and the triple
The purpose of the "provisional" computation of T (C) in step 2 is to avoid computing the fields K and L for all of the curves in S, which would have been infeasible. Explicit computation of the fields K and L (and their Galois groups) for even a single curve C can be quite time consuming, taking many hours or even days of computer time, and the sets S that we used contained tens of thousands of curves.
In the rest of this section we fill in some of the details of the three steps listed above.
Generating twists of C 0
Explicit parameterizations of the families of twists of C 0 3 and C 0 2 are given by Cardona in [Car01] and [Car06] . One can easily obtain a large set S using these parameterizations. However, the resulting curves tend to have large coefficients, making the computation of K and L more difficult, and the vast majority of curves in S are likely to represent the generic case, where Gal(K/Q) and Gal(L/Q) are as large as possible. In principle, one can control the isomorphism type of Gal(K/Q) by placing appropriate constraints on the input parameters, but this is not enough to determine the Sato-Tate group, and it gives no control over Gal(L/Q).
We instead adapted the search method used in [FKRS12] , generating S by enumerating all curves of the form y 2 = 6 i=0 c i x i satisfying coefficient bounds |c i | ≤ B i . To quickly identify curves C that are twists of C 0 , we first compute a 1 (C)(p) for a handful of small primes p that are inert in M , and immediately discard C if a 1 (C)(p) = 0 for any such p. We then compute the absolute Igusa invariants of C, as defined in [Igu60] , and compare them to the corresponding values for C 0 . With the bounds B i chosen to encompass some 2 50 curves with small coefficients, we obtain a set S containing tens of thousand twists of C 0 in each case.
After applying the method in §5.2 below to all of the curves in S, we had several candidate curves C for every possible triple T (C) that can arise when C is defined over Q (the triples listed in Tables 4 and 5 that are not marked with an asterisk). We then selected a single representative C for each triple and computed K and L for each of these C, as described in §5.3, and then computed the Galois groups Gal(L/Q), Gal(K/Q), and Gal(L/M ), using the Magma computer algebra system [Magma] , to obtain the true value of triple T (C). As expected, this computation confirmed the provisional value in every case.
Provisional computation of T (C)
To provisionally identify the triple T (C), we compute an approximation of the vector z(C) (see Definition 1.3), which uniquely determines T (C), by Theorem 1.4. To do this, it suffices to determine the triples (s, r, t) of residue degrees (f L (p), f K (p), f M (p)) for a sample set of primes p (say, primes p ≤ 2 16 of good reduction for C), and then count how often each triple appears. The components o(s, r) andō(s, r) of the vector z(C) may be approximated by computing the relative frequencies of the triples (s, r, 1) and (s, r, 2), respectively, and normalizing so that o(1, 1) = 1.
We can easily compute t = f M (p) ∈ {1, 2} by checking whether p splits in M , but we also need to compute r = f K (p) and s = f L (p), and we would like to do so without knowing K or L. This can be achieved as follows: we first compute a 1 (E 0 )(p) and the values a 1 (C)(p) and a 2 (C)(p), as described in §5.2.1, and then determine the unique map F (s,r,t) from Proposition 4.9 for which
Efficient computation of a 1 (C)(p) and a 2 (C)(p) for an arbitrary genus 2 curve is addressed in [KS08] , but in the special case of interest here, where C is a Q-twist of C 0 , we use a faster approach. The Jacobian of C 0 is Q-isogenous to the square of E 0 , an elliptic curve defined over Q. Because E 0 has complex multiplication, we can very efficiently determine a 1 (E)(p). Taking C . Having computed a 1 (E 0 )(p), there are only a handful of pairs (a 1 , a 2 ) that are compatible with (5.1), that is, for which there exists a triple (s, r, t) such that F (s,r,t) (a 1 (E 0 )(p)) = (±a 1 , a 2 ). Taking into account whether C is a twist of C 0 2 or C 0 3 , whether p splits in M or not, and that the sign of a 1 is actually ambiguous in only 2 cases, there are at most 8 possibilities. Each compatible pair (a 1 , a 2 ) determines an integer
one of which is equal to # Jac(C)(F p ). In most cases, if we pick a random point P ∈ Jac(C)(F p ), the equation nP = 0 will hold for exactly one n and uniquely determine a 1 and a 2 . Even when this is not the case, after factoring the integers n we can determine the order of any point P in Jac(C)(F p ), using justÕ(log p) operations in F p ; see [Su07, Ch. 7] . This allows us to compute the order of Jac(C)(F p ) using a probabilistic generic group algorithm (of Las Vegas type) that runs in O(p 1/4 ) expected time; see [Su07] and [KS08, Prop. 1].
9 . This compares to an O(p 3/4 ) expected running time for an arbitrary genus 2 curve using a generic group algorithm.
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Having computed L p (C, 1) = # Jac(C)(F p ), we use the same method to determine L p (C, −1) = # Jac(C)(F − p), whereC is any non-trivial quadratic twist of C over F p , and these two values uniquely determines a 1 and a 2 .
The algorithm described above is included in the most recent version of the smalljac software library, whose source code is available at [Su11b] .
Computation of K and L
In this section, we describe the procedure used to compute the fields K and L for the curves C listed in Tables 6 and 7. For the field K, its characterization in Lemma 4.2 as the minimal field over which all the automorphisms of C are defined turns out to be the most computationally effective. For all 41 curves C : Tables 6 and 7 , one readily checks that Aut(C 0 Q ) ≃ Aut(C Q ) = Aut(C F (ζ24) ), where F is the splitting field of f (x) (see Remark 5.1 below). It is then a finite problem to identify the minimal subfield K of F (ζ 24 ) for which Aut(C K ) = Aut(C F (ζ24) ).
Having computed K, we determine L as follows. For any non-hyperelliptic involution β ∈ Aut(C 0 M ), the elliptic quotient C 0 / β is defined over M . If β 1 and β 2 are conjugate in
there is just one conjugacy class of non-hyperelliptic involutions, hence in this case every elliptic quotient C 0 / β is isomorphic to E 0 M . For C 0 3 there are two conjugacy classes of non-hyperelliptic involutions, of size 2 and 6 (see Table 3 ). The first corresponds to the M -isomorphism class of E 0 3 , and the second corresponds to the M -isomorphism class of the elliptic curve y 2 = x 3 − 15x + 22. Since we know K explicitly, we can compute Aut(C K ) and enumerate all the non-hyperelliptic involutions α (there are 12 when d = 2 and 8 when d = 3). For d = 2, we pick any α, and for d = 3 we pick α from the conjugacy class of size 2. DefineẼ :
As in the proof of Proposition 4.6, L is the compositum of K and the minimal field over whichφ is defined. Our choice of α insures thatẼ 
Writing E 0 in the form Y 2 = X 3 + U X + V , there then exists γ ∈ L such that U = γ 4 A and V = γ 6 B, and γ generates L as an (at most quadratic) extension of K. We can easily derive γ from the coefficients A, B, U , and V .
Remark 5.1. In fact, it is true in general that for any twist C of C 0 2 (resp. C 0 3 ), the field K is contained in F ( √ −2) (resp. F ( √ −3, i)). We thank J. Quer for kindly providing the following argument.
Let Aut(C Q ) * denote the subgroup of Aut(C Q ) generated by those elements α such that Trace(ι(α)) is nonzero. We claim that Aut(C Q ) * = Aut(C F M ) * . Let WP(C) denote the set of Weierstrass points of C and let σ be an element of G F M . It suffices to show that σ α = α for every α in Aut(C Q ) * such that Trace(ι(α)) is nonzero. Observe that for every P in WP(C), one has σ P = P . Then, writing Q = α −1 (P ), we have
which implies that σ α is either α or wα, since the action of Aut(C Q )/ w on WP(C) is faithful. Provided that Trace(ι(α)) is in M , the latter option is not possible, since otherwise we would have
contradicting the fact that Trace(ι(α)) is nonzero. Since Aut(C Q ) and Aut(C 0 Q ) are conjugated, the groups Aut(C Q ) * and Aut(C 0 Q ) * are isomorphic. It is straightforward to check that
Thus, for every twist C of C 0 2 , the field K is contained in F ( √ −2); but for a twist C of C 
An example
Consider the twist C of C 0 3 defined by the hyperelliptic equation
over Q. This curve is listed in Table 7 for the triple [ 24, 5 , 12, 4 , 12, 1 ]. Let us prove that this is in fact the triple
We first compute K. Let F denote the splitting field of f (x). One checks (via Magma) that | Aut(C MF )| = 24, where M = Q( √ −3), and therefore
. By enumerating the various subfields of M F , we find that the minimal subfield K of M F for which | Aut(C K )| = 24 is K = M ( √ 5, a), where a 3 + 3a − 1 = 0. To compute L, we choose the non-hyperelliptic involution α of Aut(C K ) whose image under the map ι : Aut(C Q ) → GL 2 (Q) defined in (4.7) is .
Since E 0 is the curve y 2 = x 3 + 1, we have U = 0 and V = 1, so γ 6 = 1/B. This implies that
and one finds that L = K( 2 √ 5 + 10). Having explicitly computed the fields K and L, it is then straight-forward to verify that Gal(L/Q) ≃ 24, 5 , Gal(K/Q) ≃ 12, 4 , and Gal(L/M ) ≃ 12, 1 using Magma.
Tables
This section contains tables described in earlier sections, whose definitions we briefly recall. Remember that C 0 is one of the two curves C 0 3 :
. Tables 2 and 3 For each triple T (C) we list the corresponding Sato-Tate group G and its matching Galois type, as defined in [FKRS12] , as well as the vector z(C) given by Definition 1.3, all of which are uniquely determined by T (C), by Theorem 1.4. As proven in [FKRS12] , the Sato-Tate groups J(C 1 ), J(C 3 ), and C 4,1 cannot arise for a genus 2 curve defined over Q, and the corresponding rows in Tables  4 and 5 are marked with an asterisk.
In Tables 7 and 6 we list representative curves that realize every triple T (C) that can occur when C is defined over Q. For each curve we also give an explicit description of the fields K and L, where K is the minimal field for which Aut(C K ) = Aut(C Q ), and L is the minimal extension of K over which C is isomorphic to C 0 . The methods used to obtain these curves and the computation of K and L are described in §5. 
